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In this paper, a Feynman-Kac formula is established for stochas- 
tic partial differential equation driven by Gaussian noise which is, 
CO ■ with respect to time, a fractional Brownian motion with Hurst pa- 

Cn ' rameter H < 1/2. To establish such a formula, we introduce and study 

a nonlinear stochastic integral from the given Gaussian noise. To 
show the Feynman-Kac integral exists, one still needs to show the 
exponential integrability of nonlinear stochastic integral. Then, the 
approach of approximation with techniques from Malliavin calculus 
^ ■ is used to show that the Feynman-Kac integral is the weak solution 

"ti I to the stochastic partial differential equation. 



1. Introduction. Consider the stochastic heat equation on M 

^ ■ ( du 1 ^ dW , , r, ^H 

>: (Ij) \— = -Au + u — {t,x), t>0,xeR'^, 

O- [u{0,x) = uoix), 

ly-v ■ where uq is a bounded measurable function and W = {W{t, x),t>0,x£ M.'^} 

I • I is a fractional Brownian motion of Hurst parameter ff G (j, 2) in time and 

f— ^ ■ it has a spatial covariance Q{x,y), which is locally 7-Holder continuous (see 

(^ . Section 2 for precise meaning of this condition), with 7 > 2 — 4H. We shall 

show that the solution to (1.1) is given by 



(1.2) u{t,x)=E 



t 

B 



no(Sr)exp/ W{ds,B^_,) 
Jo 



where B = {Bf = Bt + x,t>0,x £ M } is a d-dimensional Brownian motion 
starting at x € M*^, independent of W. 
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2 Y. HU, F. LU AND D. NUALART 

This is a generalization of the well-known Feyman-Kac formula to the 
case of a random potential of the form ^^[t,x). Notice that the integral 

Jq M^(ds,i?f_j,) is a nonlinear stochastic integral with respect to the frac- 
tional noise W. This type of Feynman-Kac formula was mentioned as a con- 
jecture by Mocioalca and Viens in [6]. 

There exists an extensive literature devoted to Feynman-Kac formulas for 
stochastic partial differential equations. Different versions of the Feynman- 
Kac formula have been established for a variety of random potentials. See, for 
instance, a Feynman-Kac formula for anticipating SPDE proved by Ocone 
and Pardoux [9]. Ouerdiane and Silva [10] give a generalized Feynman-Kac 
formula with a convolution potential by introducing a generalized function 
space. Feynman-Kac formulas for Levy processes are presented by Nualart 
and Schoutens [8]. 

However, only recently a Feynman-Kac formula has been established by 
Hu et al. [4] for random potentials associated with the fractional Brownian 
motion. The authors consider the following stochastic heat equation driven 
by fractional noise 

( du 1 d'^+^W , , , 

(1.3) b^ = 2^^ + - gta.,-gx/ ^'^^' t>0,.eR^ 

[u(0,x) = no(x), 

where W = {W{t,x),t > 0,x G M"^} is fractional Brownian sheet with Hurst 
parameter {Hq,Hi, . . . , Hd). They show ([4], Theorem 4.3) that if Hi, ... , 
Hd € (2) 1)) ^iid 2Hq + Hi + • • • + Hd > d+1, then the solution u[t,x) to the 
above stochastic heat equation is given by 



(1.4) u{t,x) = E 



B 



f{Bf)e^p( f f 5{Bf_,-y)W{dr,dy) 



where B = {Bf = Bt + x,t>0,x £ M } is a d-dimensional Brownian motion 
starting at x € M'^, independent of W. The condition 2Hq + Hi + ■ ■ ■ + H^ > 
d + 1 is shown to be sharp in that framework. Since the Hi, i = 1, . . . ,d, 
cannot take value greater or equal to 1, this condition implies that Hq > ^. 

We remark that if B " = {B^ " , t > 0} is a fractional Brownian motion 
with Hurst parameter Hq > i, then the stochastic integral Jg f{t)dB^ ° is 
well defined for a suitable class of distributions /, and in this sense the above 
integral J^ J^^ 6{Bf_j. — y)W{dr, dy) is well defined for any trajectory of the 
Brownian motion B. If Hq < ^, this is no longer true and we can integrate 
only functions satisfying some regularity conditions. For this reason, it is 
not possible to write a Feynman-Kac formula for the equation (1.3) with 
Hq < 2. 

Notice that for d = 1 and Hq = Hi = ^ (space-time white noise) a Feyn- 
man-Kac formula can not be written for equation (1.3), but this equation 
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has a unique mild solution when the stochastic integral is interpreted in the 
Ito sense. A renormalized Feynman-Kac formula with Wick exponential has 
been obtained in this case by Bertinin and Cancrini [1]. More generally, if the 
product appearing in (1.3) is replaced by Wick product, Hu and Nualart [3] 
showed that a formal solution can be obtained using chaos expansions. 

In the present paper, we are concerned with the case Hq < ^, but we 
use a random potential of the form ^-(i,j;). One of the main obstacles 
to overcome is to define the stochastic integral JQW{ds,Bf_g). We start 
with the construction of a general nonlinear stochastic integral /q W{ds,(j)s) 
where is a Holder continuous function of order q > ^(1 — 2H). It turns 
out that the irregularity in time of W{t,x) is compensated by the above 
Holder continuity of (j) through the covariance in space, with an appropriate 
application of the fractional integration by parts technique. Let us point out 
that L W{ds,(ps) is well defined for all Holder continuous function (j) with 
a > ^(^ — H), and we consider here only the case a > ^(1 — 2H) because this 
condition is required when we show that u{t,x) is a weak solution to (1.1). 
Furthermore, the condition a > -(1 — 2H) also allows us to obtain an explicit 

formula for the variance of L W{ds, (ps)- Contrary to [4], it is rather simpler 
to show that Jq W{ds, Bf_J is exponentially integrable. A by-product is that 
u{t,x) defined by (1.2) is almost surely Holder continuous of order which 
can be arbitrarily close to ff — 2 + 4 from below. Let us also mention recent 
work on stochastic integral [2] and [5] with general Gaussian processes which 
can be applied to the case H < ^. 

Another main effort of this paper is to show that u{t,x) defined by (1.2) 
is a solution to (1.1) in a weak sense (see Definition 5.2). As in [4], this is 
done by using an approximation scheme together with techniques of Malli- 
avin calculus. Let us point out that in the definition of L W{ds, (ps) one can 
use a one-side approximation, but it is necessary to use symmetric approx- 
imations (as well as the condition H > -^ — j) to show the convergence of 
the trace term (5.10). 

We also discuss the corresponding Skorohod-type equation, which cor- 
responds to taking the Wick product in [3]. We show that a unique mild 
solution exists for H G [^ — ^,^). 

The paper is organized as follows. Section 2 contains some preliminaries 
on the fractional noise W and some results on fractional calculus which is 
needed in the paper. We also list all the assumptions that we make for the 
noise W in this section. In Section 3, we study the nonlinear stochastic in- 
tegral appeared in equation (1.2) by using smooth approximation and we 
derive some basic properties of this integral. Section 4 verifies the integra- 
bility and Holder continuity of u{t,x). Section 5 is devoted to show that 
u{t,x) is a solution to (1.1) in a weak sense. Section 6 gives a solution to 
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the Skorohod type equation. The last section is the Appendix with some 
technical results used along the paper. 

2. Preliminaries. Fix H € (0, \) and denote by Rnit, s) = \{f^ + s^^ - 
|i — sp ) the covariance function of the fractional Brownian motion of Hurst 
parameter H. Suppose that W = {W{t,x)^t > 0,x G W^} is a mean zero 
Gaussian random field, defined on a probability space (J7,J^, P), whose co- 
variance function is given by 

E{W{t,x)W{s,y)) = RH{t,s)Q{x,y), 

where Q{x, y) satisfies the following properties for some M < 2 and 7 G (0, 1]: 

(Ql) Q is locally bounded: there exists a constant Co > such that for 
any K>Q 

g(x,y)<Co(l + K)^' 

for any x,y € M such that |x|, |y| < K. 

(Q2) Q is locally 7-Holder continuous: there exists a constant Ci > such 
that for any K >Q 

\Q{x,y) - Q{u,v)\ < Ci(l + K)^'i\x - u\^ + \y - i;^) 

for any x,y,u,v G W^ such that |rE|, \y\, \u\, \v\ < K. 

Denote by £ the vector space of all step functions on [0, T] . On this vector 
space £^ we introduce the following scalar product 

(l[0,t]il[0,s])wo =RH{t,s). 

Let "Hq be the closure of £ with respect to the above scalar product. Denote 
by C°([a, 6]) the set of all functions which is Holder continuous of order a, 
and denote by || • ||q. the a-Holder norm. It is well known that C°([0, T]) C Hq 
ior a> ^ — H. 

Let Ti be the Hilbert space defined by the completion of the linear span 
of indicator functions l[o,t]x[o,a;]) t ^ i^^T], x G M'^ under the scalar product 

{Mo,t]x[0,x],'^[0,s]x[0,y])H = RH^t, s)Q{x,y). 

In the above formula, if Xj < we assume by convention that Ifo^Xil = 
~l[-Xi,o]- The mapping VF: l[o^t]x[o,x] -^W{t,x) can be extended to a lin- 
ear isometry between 7i and the Gaussian space spanned by W. Then, 
{W{h),h G Ti} is an isonormal Gaussian process. 

Let iS be the space of random variables F of the form: 

F = f{W{vi),...,Wi^n)), 

where (pi £71, f a C°°{W^), f and all its partial derivatives have polynomial 
growth. The Malliavin derivative DF of an element P in 5 is defined as an 
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■H-valued random variable given by 

The operator D is closable from L'^{Q,) into L^{Q,T-i) and we define the 
Sobolev space D^'^ as the closure of S with respect to the following norm: 



DF = ^^iWi^i),...,Wiipn)h, 



\\DF\\i,2 = ^jE{F^) + E{\\DF\\l^). 

The divergence operator 6 is the adjoint of the derivative operator D, de- 
termined by the duality relationship 

E{6{u)F)=E{{DF,u)h) for any FeD^'^. 

5{u) is also called the Skorohod integral of u. We refer to Nualart [7] for a de- 
tailed account on the Malliavin calculus. For any random variable F € D^'^ 
and (j) gH, 

(2.1) FW{(l)) = 6{F^) + {DF,(l))n. 

Since we deal with the case of Hurst parameter H G (0,1/2), we shall 
use intensively the fractional calculus. We recall some basic definitions and 
properties. For a detailed account, we refer to [11]. 

Let a, 6 G M, a <b. Let / € L^{a,b) and a > 0. The left and right-sided 
fractional integral of / of order a are defined for x G (a, 6), respectively, as 

I^+f{x) = -^ Hx - yr^'fiy) dy 
r(a) Ja 

and 

ib-fix) = TJ-J\y-xr-'fiy)dy. 
r(a) Jx 

Let I2^{LP) [resp., I^_{LP)] the image of U\a,b) by the operator /°_,_ 
(resp., /f_). 

If / G Ia+{L^) [resp., I'^_{LP)] and < a < 1 then the left and right-sided 
fractional derivatives are defined by 

and 

for all X G (a, 6) [the convergence of the integrals at the singularity y = x 
holds point-wise for almost all x G (o, 6) if p = 1 and moreover in L-P-sense if 
1 <p <oo]. 
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It is easy to check that if / € /^^/^_n(L^), 

(2.4) D:_,Dl~''f = Df, D^_DlzV = Df 
and 

(2.5) (-1)" / D^^fix)g{x)dx= [ f{x)D^^g{x)dx 



provided that < a < 1, / e Ia+{LP) and g € I^^{Li) with p > l,g > 1, - + 

\<l + a. 

It is clear that £>"/ exists for all / G C^([a, 6]) if a < /?. The fohowing 
proposition was proved in [12]. 

Proposition 2.1. Suppose that f &C^{[a,h\) and g ^C^{[a,h]) with 
X + H > 1. Let X > a and fi > 1 — a. Then the Rieniann-Stieltjes integral 
f fdg exists and it can be expressed as 

(2.6) / fdg = {-ir I D2^f{t)Dlz''g,.{t)dt, 

J a J a 

where g^- {t) = g{t) - g{b) . 

3. Nonlinear stochastic integral. In this section, we introduce the non- 
linear stochastic integral that appears in the Feynman-Kac formula (1.2) 
and obtain some properties of this integral which are useful in the follow- 
ing sections. The main idea to define this integral is to use an appropriate 
approximation scheme. In order to introduce our approximation, we need 
to extend the fractional Brownian field to i < 0. This can be done by defin- 
ing W = {W{t,x),t G ]R,2; G M'^} as a mean zero Gaussian process with the 
following covariance 

E[W{t,x)W{s,y)] = i(|i|2^ + |s|2^ - It - 5|2^)Q(x,y). 

For any e > 0, we introduce the following approximation of W{t,x): 

(3.1) W^{t,x)= I W'{s,x)ds, 

Jo 

where W^{s,x) = ■^{W{s + e,x) - W{s — e,x)). 

Definition 3.1. Given a continuous function (p on [0,r], define 

[ W{ds,(l)s) = lim I W^{s,(^s)ds, 
Jo ^-^oJo 

if the limit exits in L^(J7). 

Now we want to find conditions on (f) such that the above limit ex- 
ists in L^(r2). To this end, we set Is{(j)) = JqW^{s,(J)s) ds and compute 
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E{Isi<p)Is{(p)) for e,5>0. Denote 

Using the fact that Q{x,y) = Q{y,x), we have 

E{i,{cj))ism 



2H\ 



r-e-6r + \r-e + 5\'''). 



-f , 



e,<t)r,)[\0-ri + e-5\ 



2H 



rj + S + e 



2H 



2Hi 



r]-e- 5\'" + \e-r]-e + 5\^'']dr]de. 



Making the substitution r = 9 — rj and using the notation V^^ , we can write 

(3.2) E{I,{ct>)Ism= [ f Q{(t>e,4>e~r)V,^f{r)drde. 

Jo Jo 

We need the following two technical lemmas. 

Lemma 3.2. For any bounded function ip : [0,T] — t- M, we have 



(3.3) 



V'(s) / V^f{r)drds-2H ^{s)s 



„2H-1 



ds 



<4\moo{e+sr''. 



2H-1 



for 



Proof. Let g{s) := J^ \r\'^^ dr and fe^sit) := /q V'(s) Jq ^eT(^) drds. Note 
that g" exists everywhere except at and g"{r) = 2iJsign(r)|r 
r 7^ 0. Then 

1 /■* 

fe,5{t) = J^I ^(^) [^(^ + £ - (J) - ff(s + e + <5) 

— g{s — e — S) + g{s — e + 6)] ds 



_l r^ /.I rt 

~^J-J-Jo 

_l r^ H rt 

"4 111 Jo 

where A = ^6 — rje. 

Case (i): If A < 0, we have 

ft 



ip{s)g"{s + rie — S,S) ds d^ dr] 
ij{s)g"{s- A)dsd^dr], 



[ i;{s){g"{s-A)-2Hs^^^^)ds 
Jo 



(3.4) 



<2i7||V||oo / {s^''~'-{s-Af"-^)ds 
Jo 



|A 



2H 
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Case (ii): If A > 0, we assume that A < t (the case A > i follows easily). 
Then 

/ ip{s)g"{s -A)ds = -2H [ ^p{s){A - sf"~^ ds 
Jo Jo 

+ 2H [ 'ip{s){s - Af^-^s. 
Ja 



Therefore, 

(3.5) 
where 



/ ip{s){g"{s - A) - 2Hs^^~^) ds 
Jo 



<Fi + Fl 



(3.6) Fi := 2H / V(s)[(A - sf^~^ + s^^~^] ds < 2||V||oo|A 
Jo 



2H 



and 



(3.7) 



Fl:=2H [ i^{s)[{s-A) 
Ja 



2H^l_^2H^l.^^ 



< 



2h-i_^2//-1]^^<2||V^|U|AP^. 



2H\m^ [ [(s-A) 
Ja 

Then (3.3) follows from (3.4)-(3.7). D 

Lemma 3.3. Let ^ G C([0, r]^) with ^(0, s) = 0, and ip{-,s) G C"([0, T]) 
/or any s e [0,T]. Assume a + 2H>1 and sup^gro^ri IIV'(') s)||a < oo. Then 
for any 1 — 2H < 7 < a and t <T we have 

I I i){r,s)[Vlf{r)-2H{2H-iy^-^]drds 
Jo Jo 



(3.8) 



<C sup \\^p{.,s)\\Ue + 5f''+^-\ 
se[o,T] 



where the constant C depends on H , 7, a and T, but it is independent of 6,e 

and tjj. 

Proof. Along the proof, we denote by C a generic constant which de- 
pends on H, 7, a and T. Set h{r) := \r\ . Then h'{r) exists everywhere 
except at and h'{r) = 2i^sign(r)|rp^~^ if r ^ 0. Using (2.4) and (2.6), we 
have 

feAi)--= I l\{r,s)V^i'{r)drds 
JO Jo 



1 

4e 



1 ft 



1 JO JO 



d 

Tpir, s) — - [h(r + e — ^5) — h(r — e — ^5)] dr ds d^ 
or 
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^-'^^'hLL[<^^- 



s) 



X Dlz'^' [h{r + e-i5)-h{r-e- ^5)] dr ds d^ 

= (-l)"'^y" J j f D^'^i,{T,s)Dlz'''h'{r + rie-^5)drdsd^d^, 

where 7 < a' < a. On the other hand, we also have 

ft rs 



2H{2H-l) I I ij{r,s)r^^^^dr 
Jo Jo 



-D" / / D^'^iP{r,s)Dlz'''h'{r)drds. 
10 Jo 



Thus, 



hs :-- 



I I i;{r,s)[V,^f{r)-2H{2H-iy^-'^]drds 
Jo Jo 



1 
< - 

- 4 



1 rl rt rs 



IJ-IJO Jo 



X |L']z"'/i'(r + r/e - ^6) - Z),^Z"'/i'(r)| drdsd^drj. 



Denote A = ^5 — rje and 

(3.9) /A(t):= r r\D^'+Hr,s)\mZ'''h'{r-A)-DtZ"'h'{r)]\drds. 
Jo Jo 



U-a'r,'/ 



Then we may write 




(3.10) ^e,5<\l j fA{t)d^dv. 


Hence, in order to prove (3.8) it suffices to prove 


(3.11) fA{t)<C sup ||V^(.,s)|U|A|2^+^-i. 

se[o,T] 


By (2.2), we have 


(3^12) 

< C sup \\% 

s€[0,T] 


ij{r,s) , r ip{r,s)-il){u,s) 


Therefore, 


(3.13) fA{t)<C sup 


m;s)UFi + Fl), 



du 



se[o,T] 
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where 

Jo Jo Jr (u-r)^-" 

As in the proof of Lemma 3.2, we consider the two cases separately: A < 
and A > 0. 

Case (i): If A < 0, we can write 

[s-r]^ ° Jo 

<C(s-r)°'-V-^|A!2^+^-\ 
which imphes 

(3.14) Fl<C\A\'^^+"'-\ 
For < r < li, we have 

\h'{r - A) - h'{u - A) - h'{r) + h'{u)\ 

= C\A\ [ [ {r-^A + e{u-r)f^~^d9dCir-u) 
Jo Jo 

for any /3i, /32 > such that /3i + /32 < 2H. If a' + /3i > 1, we obtain 
'•' \h'{r - A) - /i^(^ - A) - h'{r) + /i(n)| ^ 
(n - r)2-"' "''' 

which implies, taking (32 = "^H + 7 — 1, 

(3.15) f1<C|A|2^+^-^ 

Substituting (3.14) and (3.15) into (3.13), we get (3.11). 

Case (ii): Now let A > 0. We assume that A < t (the case t < A is simpler 
and omitted). Let us first consider the term F^. Define the sets 

Du = {0<r<s<A}, Di2 = {0<r<A<s<t}, 

Di3 = {A<r<s< t}. 

Then 



where 



,!,_ / \h'{r-A)-h'i r)\ 
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It is easy to see that 



(3.16) Fi^<c[ r[(A-r)2^-i + r2^"i](s-rr'-i(irds<CA2^+«' 

Jo Jo 

and 

(3.17) Fi^<C f r[(A-r)2^-i + r2^-^](s-r)"'-idrds<CA2^. 

J A Jo 

As for F^, we have 



" JaJa (s-r)l-" "■"" ;„ J„ (a-„)l-»' 

Using the estimate 

\h'{v) - h'{v + A)| < Cv'^^-^-^^^ 
for all < /3 < 2i/, we obtain 

(3.18) fP < CA^^. 
Thus, (3.16)-(3.18) yield 

(3.19) Fi<C/\'^ for all < /3 < 2i7. 
Now we study the second term F^. Denote 

D21 = {0 < r < u < s < A < t}, D22 = {0 < r < u < A < s < t}, 

D22, = {0 < r < A < u < s < i}, D24 = {0<A<r<u<s<t}. 

Then 

Fl = Ff + Ff + Ff + Fl\ 

where for i = 1,2,3,4, 



Consider first the term F'^. We can write 

^\h'{r - A) - h'{u - A)| = |(A - uf"-' - (A - r)2^-i| 

<C7(n-r) / {/^-u + e{u-r)f^'^de 
Jo 

<C(n-r)i"/^(A-n)2^+/5-2, 
where 1 — 2H < (3 < a' . Similarly, we have 

\h'{r) - h'{u)\ < Cr^^+^-\u - rf-^. 
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As a consequence, 

Fi'<C r r f\u-rr'-P-\l^-uf''^^~^dudrds 

Jo Jo Jr 

(3.20) <C [ [ [ {u-rf^'^^\A-uf^+'^~^dudrds 

Jo Jo Jr 



/ay we can p 
Ff<cf r r{u-rr'-^-\A-u)^''+f'-^dudrds 

J A Jo Jr 



In a similar way we can prove that 
r-t pA rA 



(3.21) 

For F'^, notice that when r < A <u, 

\h'{r - A) - h'{u - A) - h'{r) + h'{u)\ 

= (A - r)2^-i + (t. - A)2^-i + r^^-i + n^^'^ 
and 
(-u - r)"'-2 = (n - A + A - r)"'-^ 

< (n - A)-''(A - r)"'+^-2 A (n - A)-'^-2^+i(A - rfH+a'+P-3^ 
where we can take any /3 € (0, 1) satisfying 2H + (3 + a' > 2. Then, 

2'i ^ ri I r^A :„\'iH~l , („, A^2-f/-l , J2H~\ , „,2H-li 



Fl'<C [(A - r)^^-^ + (n - A)^^"^ + r^^"^ + t/^ 

Jd23 

X (n — r)" ~^ du dr ds 
<C [ [(A - r)2^+"'+/'-3(n - A)-P 

+ r'^"-\u - A)-^(A - r)°'+^-2] rfndrds 

Taking /3 = 1 + 7 — a', we obtain 

(3.22) |Ff |<C7A2^+"'~^ 

Finally we consider the last term F^. Making the substitutions x = r — A, 
y = u — A we can write 

r !/.-(. -A) -/.-(..- A) -/.-W + /.-Ml 

" Jd» (u-r)2->' 

' r-^ f-^ \h'{x) - h'(y) - h'(x + A) + h'iy + A)\ , 
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Note that for < x < y and A > 0, 

\h'{x) - h'{y) - h'{x + A) + h'{y + A)| 

= C [ [ {x + 6{y-x) + 6Af^~^ dO d9 
Jo Jo 

< Cx^"^^'^^^~\y - x)i-^i Al-^^ 
where 

0</3i,/32<l, 2iJ + /3i + /32 > 2 and /5i < a'. 

Taking /32 = 2 - 2if - 7 we get 

(3.23) Fl^ < CA2-f^+^-^ 
From (3.20)-(3.23), we see that 

(3.24) Fl < CA2-f^+^-\ 
This completes the proof of the lemma. D 

Theorem 3.4. Suppose that e C"([0,r]) mi/i 7a > 1 - 2i/ on [0,r]. 
Then, the nonlinear stochastic integral L W{ds,(j)s) exists and 

e(J W{ds,(^s)] 

(3.25) =2H [ e'^"~^Q{(Pe,(t>e)de 

Jo 

+ 2H{2H-l) / r^''~^{Q{(l)eAe^r)-Q{(t>0,(t>e))drde. 
Jo Jo 

Furthermore, for any ^— |— <a' <a, we have 

sup f( / W^{s,(t)s)ds- f W{ds,(f>s) 

0<t<T V Jo Jo 

(3.26) 

<c{i + u\u''{i + \mz)e'''^^'''-\ 

where the constant C depends on H , T, 7, a, a' and the constants Cq and Ci 
appearing in (^QlJ and fQ2j. 

Proof. We can write (3.2) as 

Eilemsi^)) = f f {Q{^e,(pe~r)-Q{(pe,M)V,f{r)drd0 
(3.27) ■''■'] 

+ 11 Q{(t>e,(t>e)V,f{r)drde. 
Jo Jo 
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Due to the local boundedness of Q [see (Ql)] and applying Lemma 3.2 to 
V'(^) = Q{4'e,4'e), we see that the second integral converges to 

rt f-e r-t 

lim / / Q{c^eAe)V^?{r)drde = 2H Q{c^eAe)0^'''^ dO. 

e,S^OJo J(s • Jo 

On the other hand, using the local Holder continuity of Q [see (Q2)] and 
applying Lemma 3.3, to ip{r,9) = Q{(p0,(j)e~r) — Q{4'e->4>e)-, we see that the 
first integral converges to 

hm / f {Q{ct>e,(t>e~r)-Q{(t>e,(t>e))V^f{r)drde 

e,S-^OjQ Jq 

= 2H{2H-1) / {Q{^e,(t>e^r)-Q{cl)e,My~^drde. 
Jo Jo 

This implies that {/£^(0),n > 1} is a Cauchy sequence in L'^^Q.) for any se- 
quence En J, 0. As a consequence, lim£_j.o h{4') exists in L^(ri) and is denoted 



by I{(P) ■=£W{ds,(l)s). Letting £,5^0 in (3.27), we obtain (3.25) 



From (3.27), Lemma 3.2 and Lemma 3.3, we have for any a' < a, 

\E{iMhm - E{i\m 



(3.28) 

<C{l + MW(l + mi){e + 5f''+'^^'-\ 

In equation (3.28), let 5^-0 and notice that Is{<t>) -^ I{4') in L^(0). Then 

\E{hmm - E{i\m < ai + mu'H^ + ii<^ii2:)e^^+^"'-^ 

On the other hand, if we let e = 5 in (3.28), we obtain 

\Eii{<i,) - E{i\m < c{i + ii<^iioo)^(i + mi)e'''+^^'-\ 

Thus, we have 

E\iM - im' = [E{i'M) - E{iHm - 2[E{hmm - mHm- 

Applying the triangular inequality, we obtain (3.26). D 

The following proposition can be proved in the same way as (3.25). 
Proposition 3.5. Suppose c/",^ G C"([0,r]) with 07 > 1 - 2H . Then 



ii: 


W{dr, 


Jo 


W{di 


J 


(3.29) 


= 


2H 1 

Jo 


q2H^1 


Q{<Pe. 


i^e)de 
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rt re 
+ H{2H-l) / r^''~\Q{(l)e,^e~r)-Q{h,i^e))drde 
Jo Jo 

ft re 

Jo Jo 

The following proposition provides the Holder continuity of the indefinite 
integral. 

Proposition 3.6. Suppose (p e C"([0, T]) with a^ > 1 - 2H. Then for 
aUO<s<t<T, 

(3.30) E(f W{dr,^r)- rWidr,(t>r)] <C{l + \\4>\\^)^'{t-sf'', 

where the constant C depends on H , T, 7, a and the constants Cq and Ci ap- 
pearing in (^Qlj and (Q,2). As a consequence, the process Xt = /q W{dr,(l)r) 
is almost surely {H — 6)-Hdlder continuous for any 5 >Q. 

Proof. We shall first show that 

(3.31) E(fw'{r,(t>r)dr-rW'{r,(t>r)dr^ < C(l + ||0|loo)*'(t - s)'"". 
We can write 

eH W'{dr,^r)- j'w'{dr,^r)] 

= e(J W'{dr,cl)r)\ 

= ^l I E[{W{e + e,cl)e)-W{d-e,cl,e)) 

X {W{rj + e, </.^) - W{rj - e, cj)^))] d9 dr, 
I rt rt 



8^2 / / Q(^e,4>v 



X [\v-^\ -\v-^-'^£\ -\Tl-0 + 2e\^'']d9dri 

-I rt—s pt—s 

■^ / Q{(t>s+e,<t>s+n) 



X [\v-Or'' -\r]-e-2e\'" - jry - ^ + 2e|^^] d^dr/ 
-^ j I Q{<l)s+e,4>s+e-r)[2r'^^ -\r + 2e\^^ -\r-2e\^^]drde. 
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The inequality (3.31) follows from the assumption (Ql) and the inequal- 
ity (A. 2) obtained in the Appendix. Finally, the inequality (3.30) follows 
from (3.31), Proposition 3.4 and the Fatou's lemma. D 

4. Feynman-Kac integral. In this section, we show that the random field 

u{t,x) given by (1.2) is well defined and study its Holder continuity. Since 
the Brownian motion Bf has Holder continuous trajectories of order 5 for 
any 6 E (0, ^), by Lemma 3.4 the nonlinear stochastic integral Jq W{ds, Bf_g) 
can be defined for any H > ^ — j. The following theorem shows that it is 
exponentially integrable and hence u{t,x) is well defined. 

Set ||S||oo,T = supo<s<tI^s| and \\B\\s^t = suPo<s<i<T^^-^ for 6 G (0, i). 

Theorem 4.1. Let H > ^ — ^ and let uq be bounded. For any t G [0,r] 

and X G M'^, the random variable Jq W{ds,Bf_g) is exponentially integrable 
and the random field u{t,x) given by (1.2) is in U'{Vt) for any p > 1. 

Proof. Suppose first that p = 1. By (3.30) with s = and the Fernique's 
theorem we have 

E'^\u{t,x)\<\\u4ooE''E^ 



exp / W{ds,B\ 
Jo 



The L^ integrability of u{t,x) follows from Jensen's inequality 

E^\u{t,x)\P <\\uo\\ooE''E^ expL I W{dr,Bt,)] 

(4.1) ° 

< \\uo\\ooE^[exp{Cp{l + ||S|U,t)^^T2^)] < oo. D 

To show the Holder continuity of u(-,x), we need the following lemma. 

Lemma 4.2. Assume that uq is Lipschitz continuous. Then for < s < 
t <T and for any a < 2H — 1 + ^7, 

2 



j^W 



rW{dr,B-_r)- fwidr^BU) 
Jo Jo 



<Cil + \\B\\o.,T)^'\\B\\J^{t-sr, 



where the constant C depends on H , T, 7 and the constant Ci appearing 
in fQ2;. 

Proof. Suppose 6 G (0, i). For 0<u<v <s<T, denote 
AQ{s,t,u,v) :=Q{B^_^,Bf_,)-Q{Bf_^,Bf_J 

- Q{Bf_u, -Bf_^) + Q{Bt_^, B^_J. 
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Note that (Q2) implies 

\AQ{s,t,u,v)\ <2Ci{l + \\B\\^^T)^'\\B\\l^{t - sy^ 
and 

\AQ{s,t,u,v)\ < 2Ci{l + \\B\\^,t)^'\\B\\1^\u - ^;^^ 
which imply that for any /3 € (0, 1), 

\AQis,t,u,v)\ < 2Ci(l + \\B\\^^T)^'\\B\\l^{t - sf^^\u - vl^^-^^-^^ 
Applying (3.29) and using Q{x,y) = Q{y,x), we get 

Widr,Bf_^)- rWidr,B^^^) 

^0 
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E 



w 



2H(2H -1) 



'o Jo 

+ 2H I e 

Jo 



2H-2 



[AQ{s, t,6,9-r) + AQ{t, s,9,9- r)] dr dO 



2H-1 



X [Q{Bf_e, BU) - 2Q{BU,BU) + Q{BU,BU)] dO 

<C{l + \\B\\^,T)^\\B\\l^{t-s)^^' 

for any (3 such that (1 - (3)-f5 > 1 - 2H, that is, f3j5 <2H-l + 'y5. Taking f3 
and 6 such that P'yd = a, we get the lemma. D 

Theorem 4.3. Suppose uq is Lipschitz continuous and bounded. Then 
for eachxeR'^, u{-,x) e C"^{[0,T]) for any Hi € {0,H - ^ + l^/). 

Proof. For < s < t < T, from the Minkowski's inequality it follows 
that 

E^[\u{t,x)-u{s,x)\P] 

+ CiE^'iE^liuoiBf) - uo{B^))e^oW{dr,B^.r.)\pfp^P_ 
Since uq is Lipschitz continuous, using (4.1) and Holder's inequality, we have 
(4.3) [E^'iE^iluoiBf) - uo{B^)\efo^('''^'''^s-r))PfP]P < C{t - sf/^ 



(4.2) 
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For the first term in (4.2), using the formula that \e'^ — e \ < {e^ + e )\a — h\ 
for a, 6 G M and Holder's inequality we get 



E 



w 



(4.4) 



exp / VF(dr,5f_J-exp I VF(dr,5^_, 

JO ^0 

£;^(exp / VF(dr,5f_J+exp / VF(dr,5^_Jj 



2p- 



1/2 



X 



E 



w 



W{dr,Bf_,) 



W{dr,B^_,) 



'0 JO 

Applying Lemma 3.6 and Lemma 4.2, we obtain 



2p- 



1/2 



E 



w 



W{dr,BU)- I W{dr,Bt 





(4.5) 





<2E^ 

+ 2E 






W 



W{dr,Bl 

W{dr,Bf_,) 



W{dr,BU) 



<C{l + \\B\\^^Tf'\\B\\l^{t-sf''\ 

Noting that conditional to B, jg W{dr,Bf_j.) — J^W{dr,B^_^) is Gaus- 
sian, and using (4.4), (4.5) and (4.1) we get 



j^B j^W 



exp / W{dr,Bf_^)-exp I VF(dr,S^_,.; 
Jo Jo 



P\ l/PH P 



(4.6) 



<C 



E^ E"^ 



W{dr,B^_ 



W{dr,B'-_,] 



2\ 1/2' 



<C{t-sf"'. 
From (4.2), (4.3) and (4.6), we can see that for any p > 1, 
(4.7) E^ [\u{t, x) - u{s, x) \P] < C{t - s)P^' . 

Now Kolmogorov's continuity criterion implies the theorem. □ 

5. Validation of the Feynman Kac formula. In the last section, we have 
proved that u{t,x) given by (1.2) is well defined. In this section, we shall 
show that u{t,x) is a weak solution to equation (1.1). 

To give the exact meaning about what we mean by a weak solution, we 
follow the idea of [3] and [4]. First, we need a definition of the Stratonovich 
integral. 
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Definition 5.1. Given a random field v = {v{t,x), t > 0,x G R'^} such 
that L Jjg^ |u(s,2;)| dx ds < oo a.s. for all i > 0, the Stratonovich integral 

/ / v{s,x)W{ds,x)dx 
Jo Jw 

is defined as the following limit in probability if it exists 

lim / / v{s,x)W^{s,x)dsdx, 

where W^{t,x) is introduced in (3.1). 

The precise meaning of the weak solution to equation (1.1) is given below. 

Definition 5.2. A random field u = {u{t,x),t >0,x£ W^} is a weak 
solution to equation (1.1) if for any ip € Cg°(M'^), we have 



{u{t,x) — uo{x))ip{x)dx = / / u{s,x)Aip{x)dxds 
,^ ^, .-^.' Jo Jr'' 

(5-1) ^ 

+ / / u{s,x)(p{x)W{ds,x)dx 
Jo Jr^ 

almost surely, for all t>0, where the last term is a Stratonovich stochastic 
integral in the sense of Definition 5.1. 

The following theorem justifies the Feynman-Kac formula (1.2). 

Theorem 5.3. Suppose H > ^ — jj o-nd uq is a bounded measurable 
function. Let u{t,x) be the random field defined in (1.2). Then for any (p € 
Cq°{W^), u(t,x)ip{x) is Stratonovich integrable and u{t,x) is a weak solution 
to equation (1.1) in the sense of Definition 5.2. 

Proof. We prove this theorem by a limit argument. We divide the proof 
into three steps. 

Step 1. Let u'^{t,x) be the unique solution to the following equation: 

(5.2) {~dt^2 ^ ^T^^'"^^' t>0,xGR'^, 

u^(0,x) = ui^ix). 

Since W^(lu^x) is differentiable, the classical Feynman-Kac formula holds for 
the solution to this equation, that is. 



\t,x) := E^[uo{Bf)e^o^"^'^^t-s)dsi^, 
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The fact that u^{t,x) is weh defined foUows from (3.31) and Fernique's 
theorem. In fact, we have (cf. the argument in the proof of Lemma 4.1) 

(5.3) ^ ^° ^ 

< ||no||oo^^[exp(C7p(l + ||S||oo,r)*^t'^)] < oo. 

Introduce the fohowing notations 

9lxif,z) := —l[s-e,s+e]ir)^[0,x]iz), 



9f,x{r,z) ■■= ^lo,s]{r)l[o,B-_^]{z), 
9l:xir,z):= / -l[0„^^0+^](r)l[o,B|_j(z)(i6'. 



'0 

From the results of Section 3, we see that gf ^, gf^, gl]x € 7^ ("H is introduced 
in Section 2), and we can write 

f Wide, BU) = Wigf^J, f w'{e, bu) do = w^«f ). 

Jo Jo 

Set 

u^{s,x) := ti'^(s,2;) — u{s,x). 

Step 2. We prove the following claim: 

u^{s,x) -^u{s,x) in D^'^ as e i 0, uniformly on any compact subset of 
[0,r] X M'^, that is, for any compact i^ C M^ 

(5.4) sup £^[|n^(s,x)|2 + |[DS^(s,x)|||^]^0 ase|0. 

se[0,T],x£K 

Since uq is bounded, without loss of generality, we may assume uq = 1. 
Let B^ and B^ be two independent Brownian motions, both independent 
of W. Using the inequality |e" — e^| < (e" + e^)\a — b\, Holder inequality and 
the fact that W{gl'^ ) and W{gf^) are Gaussian conditioning to i?, we have 

E^{u'{t,x)-u{t,x)f 

= E^[E^{e^'^^'^''-^ - e^(9?-))]2 

< E^E^le^^st:^'^ - ^K^^f 

< i?^[i^^(e^(<'") + e^(5"=^))Y/'[i^'^|W^(5if ) - W{gf,)f]'/^ 



< C[S^E^(e^^(<'") + e^'^^3f,J^]'/'E''E'^\W{gt'^) - Wig, 



t,x)\ ■ 
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Note that (4.1) and (5.3) imply 

(5.5) i^5i?H/(gPiy«'i') + ^pWigfj^ ^ ^ 

for any p>l. On the other hand, applying Theorem 3.4, we have 

(5.6) sup E^E'^\W{g',;^)-Wigf^,)\^^0 aseiO. 

0<t<T,x£K 

Then it follows that as e J, 

sup E^\u'{t,x)\'^= sup E^{u^t,x)-u{t,x)f^O. 

0<t<T,x£K 0<t<T,xeK 

For the Malliavin derivatives, we have 

Du%s,x) = i?^[exp(W^«f ))5f;f ], 
Du{s,x) = E^[eMW{gf,,))gf,,]. 
Then 

E^\\Du^s,x)-Du{s,x)\\l^ 

= E'^WE^iieMWigtfM:^ - eMW{gf,,))gf,MH 
<2E'^E^[eM'2W{gt:^))M:^-gfj'^] 

+ 2E'^E^[\eMW{gtf))-eMW{gf,J)mgfj'n]. 

Note that \\gt;^ - g^J^ = E'^lWigf;^) - W{g^^,)\^. Then it follows again 
from (5.5) and (5.6) that as e J, 

sup E^\\Du''{s,x)-Du{s,x)\\'^^0. 

0<t<T,x€K 

Step 3. From equation (5.2) and (5.4), it follows that j^ j'^dU^{s,x)ip{x) x 
W^{s,x)dsdx converges in L^ to some random variable as e],0. Hence, if 

(5.7) Ve:= / {u''{s,x)-u{s,x))ip{x)W%s,x)dsdx 

Jo JR'i 

converges to zero in L^, then 

lim / / u{s,x)(p{x)W'^{s,x)dsdx 

= lim / / u^{s,x)ip{x)W^{s,x)dsdx, 

that is, u{s,x)ip{x) is Stratonovich integrable and u(s,x) is a weak solution 
to equation (1.1). Thus, it remains to show that Ve converges to zero in L^. 
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In order to show the convergence to zero of (5.7) in L^, first we write 
u^(s, x)W{gg ^.) as the sum of a divergence integral and a trace term [see (2.1)] 

u''{s,x)W{gl^) = 6{u''{s,x)glJ - {Du%s,x),glJn- 
Then we have 

Ve= / u%s,x)(f{x)W{gl^)dsdx 
Jo Jk'' 

= 11 {5{v!'[s,x)gl)- {Dv!'{s,x),gl)-H)ip[x)dsdx 

Jo JR'i 

= 6ir)- [ I {Du'{s,x),gl,)n^{x)dsdx=:V,'-V,^ 
Jo Jr'' 

where 

'^%r,z)= / u%s,x)gl^{r,z)ip{x)dsdx. 
Jo JR-i 

For the term V^ , using the estimates on L^ norm of the Skorohod integral 
(see (1.47) in [7]), we obtain 

(5.8) E[\V}\']<E[\\^l;^\\l] + E[\\D^^fn^^]. 

Denoting supp(v9) the support of y?, we have 



E[\\r^^' 



Hi 

t ft 



= E / U^Sl,Xi)u^S2,X2) 

Jo Jo Jr'' Jr"^ 

X {fsi,xi^fs2,X2)n^ixi)^{x2)dsids2dxidx2 

<Mi / / / {gl^,^^,g'',^,^^)n^{xi)^{x2)dsids2dxidx2 

Jo Jo JRd'JR'i 



= Mi / / E^[W%t,xi)W'{t,X2)MxiMx2)dxidx2, 

jRd jRd 

where Mi := sup^^^Q^T^^^^^^pp,^^) EWu" {s,x)\^]. Note that 

lim / / E^[W'{t,xi)W'{t,X2)](p{xi)ip{x2)dxidx2 

e-^O jRd jRd 

(5.9) = / [ E^[W{t,xi)W{t,X2)Mxi)ip{x2)dxidx2 

t^ Q{xi,X2)(p{xi)(p{x2)dxidx2 < oo. 
Thus by (5.4), we get E[\\4)''\\'^] ^0 as eiO. 
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2 



On the other hand, setting M2 := sup^g [0^7-1 ^^-ggupp^,^) -E'[||-Dii'^(s,x)||:^], we 
have 

Jo Jo JWi JWi 

X if{xi)ip{x2) dsi ds2 dxi dx2 

JO Jo JWi JWi 

X if{xi)ip{x2) dsi ds2 dxi dx2 



t rt 



JO 



<M2 / / / {9t^,xr,9t2,x2)n^i^i)^{x2)dsids2dxidx 



2- 

e||2 



Then (5.4) and (5.9) imply that i?[||L''0'^||:^^-^] converges to zero as ej,0. 
Finally, we deal with the trace term 

K^= / / i{Du%s,x),gl^)H-{Du{s,x),gl^)n)(pix)dsdx 

(5.10) ^' ^^' 

=-Tl-Tl 



where 



T!= / {Du''{s,x),glJn'p{x)dsdx, 
Jo Jw 

^2= / {Du{s,x),glJnv{x)dsdx. 
Jo Jw 



We will show that Tf and T2 converge to the same random variable as e J, 0- 
We start with the term T^ . Note that 

{9f,x,9lx) = ( l[0,s](^)l[0,Bf_j(2;), —l[s-e,s+e]{r)^lO,x]{z) 
^[0,s]{r)Q{B^-r,x),—l[s-e,s+e]{r)) ■ 

Since Q{B^_.,x) € C^/^~^{[0,T]) for any < 5 < i, noticing that H>\-1 
and applying Lemma A. 4 we obtain 



]imTI = E^ [ [ uo{B^)eMW{gf,J){gf,,,glJH^{x)dsdx 

e^O Jo JR'i 

= E^ f j u,{B-,)eMW[gZx)Mx) 
Jo Jm.'i 
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(5.11) 
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2H-1 



X 



Q{x,x)Hs^ 

+ H{2H-l) f\Q{Bl 
Jo 



Q{x,x))r'"^'dr 



dsdx. 



On the other hand, for the term Tf , note that 

{9l\x^9l,x) = ( ^Me-e,e+e]{r)^o,B-_g]{z)de,—lis-e,s+e]{r)^o,x]{z)) 

/■2^ 1 1 \ 

J —lie^,,e+e]ir)Q{B^.e,x)de,—l[s-e,s+e]ir)) ■ 

Applying Lemma A. 5, we obtain 



\imTf = E^ 



e-^O 



^£,B\\/„e,B „e 



MBs)eMW{gt]^)){gt:x,9lx)n'p{x)dsdx 

JM.'^ 

Jm.'^ 



?B 



(5.12) 



X 



2H-1 



Q{x,x)Hs 



+ H(2H-1 



!\q{BU:x) 
Jo 



Q{x,x)y-^dr 



dsdx. 



The convergence in L? to zero of V^ follows from (5.11) and (5.12). D 

6. Skorohod type equation and Chaos expansion. In this section, we 
consider the fohowing heat equation on W^ 



(6.1) 



dt 2 at ^ ^ ~ 

u{0,x) = uo{x). 



The difference between the above equation and equation (1.1) is that here 
we use the Wick product o. This equation is studied in Hu and Nualart [3] 
for the case Hi = ■ ■ ■ = Hd = ^, and in [4] for the case Hi, . . . , Hd € (^, 1), 
2Ho + Hi + • ■ • + Hd > d+ 1. As in that paper, we can define the following 
notion of solution. 
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Definition 6.1. An adapted random field u = {u{t,x),t > 0, x G M*^} 
such that E{v?{t,x)) < oo for all {t,x) is a (mild) solution to equation (6.1) 
if for any {t,x) E [0,oo) x M'^, the process {pt-s{x — y)u{s,y)l[Q^t]{s), s > 0, 
y G R'^} is Skorohod integrable, and the following equation holds 



(6.2) u{t,x)=ptfix)+ / pt-six-y)u{s,y)6Ws,y, 

Jo JK'* 

where pt{x) denotes the heat kernel and ptf{x) = J^^pt{x — y)f{y) dy. 

From [3], we know that the solution to equation (6.1) exists with an 
explicit Wiener chaos expansion if and only if the Wiener chaos expansion 
converges. Note that gf,^{r,z) := l[o^(](r)ljo,_B^ ]{z) ^T-L. Formally, we can 

write gj^xi^^ ^) — ^{^t-r ~ ^) s-^d '^6 have 

fw{dr,B^_,) = W{gj'.,)= f j 6{Btr - z)W{dr,z)dz. 
Jo Jo Jr'' 

Then in the same way as in Section 8 in [4] we can check that u{t,x) given 
by (6.3) below has the suitable Wiener chaos expansion, which has to be 
convergent because u{t,x) is square integrable. We state it as the following 
theorem. 

Theorem 6.2. Suppose H > -^ — ^'y and uq is a bounded measurable 
function. Then the unique (mild) solution to equation (6.1) is given by the 
process 

(6.3) u{t,x) = E''[uo{B't)exp{W{gf^x) " hhfjn)]- 

Remark 6.3. We can also obtain a Feynman-Kac formula for the coef- 
ficients of the chaos expansion of the solution to equation (1.1) 



oo ^ 
l{t,x) = V] —In{hn{t,x)) 



n\ 

n=0 

with 

hn{t,x) = E^[uQ{B^)gf^^{ri,zi)---gf^x{rn,Zn)&M\\\9f,x\\H)]- 

APPENDIX 

In this section, we denote by B = {B^ ,t £ M} a mean zero Gaussian 
process with covariance E{B[^B^) = ^{\t\'^^ + \s\'^^ — I* — ^l'^^)- Denote 
by S the space of all step functions on [—T,T]. On £, we introduce the 
following scalar product (l[o,t], '^[o,s])'Ho = Rnit, s), where if t < we assume 
that l[o,i] = — l[(^o]- Let T-Lq be the closure of £ with respect to the above 
scalar product. 
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For r > 0, £ > and /3 > 0, let 



f{r) := T^[2r^ -\r- 2e\^ - (r + 2ef]. 



It is easy to see that 
(A.l) 



lim/^(r) = /3(/3-l)r^-2. 



Lemma A.l. For any r > 0, e > and < /? < 2, 

(A.2) |r(r)|<64r^-2. 

Proof. If < r < 4e, then \r - 2ef < {2ef, (r + 2ef < {6ef, and 
hence (noting that /3 < 2) 

|je(^)|< 4/3+1^/3-2 <g4^/3-2^ 

On the other hand, if r > 4e, then 

r^ -\r- 2ef = 2ep I {r - 2\ef-^ d\, 
Jo 

r^ -{r + 2ef = -2e/3 / (r + 2Xef-^ dX, 
Jo 

f{r) = —p / [(r - 2Xef-^ - (r + 2Xef-^] dX 



and hence 



2e' 



= 2/3(/3-l) /" /" A(r-2Ae + 4/iAe)^-2d/idA. 
Jo Jo 

Therefore, using /? < 2 and r > 4e we obtain 



|/'(r)|<2/3(r-2e)^^2< 4^/3-2 



r-2e 



< 16r'^' 



D 



Lemma A.2. For any s > 0, < /3 < 1 and 4> e C°'{[0,T]) with a > 1-/3, 

(A.3) hm / (^(r)/^(r)dr = (^(0)/3s^-^+/3(/3-l) / ((/)(r) - 0(O))r'^-2dr. 
^-^oJo Jo 



Moreover, 

(A.4) 



(p{r)f'^{r)dr 



<C7(/3,a)(||</>||oo/-^ + ll0lUs"+^-'). 



Proof. The lemma follows easily from (A. 5) and (A.2) if we rewrite 



r)f%r)dr = (p{0) f%r)dr+ [(/)(r) - (/>(0)]/=(r) dr, 



D 
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Lemma A. 3. For any hounded function (f) E "Hq and any s,t>0, we have 



(A.5) (l[o,,]0,l[o,t])Ko=^/ 0(r)[r2^-i+sign(t-r)|t-r|2^-V^- 

Jo 

If u < s <t, we have 

(A.6) (l[o,,]</.,l[„,i])^„=i/ / (A(r)[(t-r)2^-i-sign(n-r)|n-r|2^-V^- 

Jo 

Proof. We only have to prove (A.5) since (A.6) follows easily. Without 
loss of generality, assume that (p = SILi 0'i^[U-i,u]^ where = tQ<ti<---< 
tn = s. (If t < s, we assume that t = ti for some < i < n.) Then 



i=l 

= H (/)(r)[r2^-^+sign(t-r)|t 
Jo 



zM j.2x3 1^ I J. J. 1 2x2 I J. J. I zii \ 



rP^-^ldr. 



D 



Using Lemma A. 3 and similar arguments to those in the proof of Lem- 
ma A. 2, we can prove the following lemma. 

Lemma A. 4. For any s > 0, for any (j) G (^"([0,^]) with a > 1 - 2H , 



}^\M^. 



1 . 

Ye' 



[s—e,s+£\ 



-Ho 



s)Hs^"~^ + CQ / (<^(s-r)-0(s))r2^-2dr, 



where cq = H{2H — 1). Moreover, 
^ 1 



(A.7) 



L[o,sr 



2e" 



Wo 



<C{H,a 



^2H-l 



+ U\\aS 



a+2H-l-^ 



Proof. Applying Lemma A. 3 and making a substitution, we get 



1 



'^[0,s]'P,-^'^[s-e,s+e] 



2e 



no 



H 

2e 



2H~U 



s - u)[{u + ey^^^ - sign(n -e)\u- e\^^"^] du 



rs ps 

--■.H(j){s) / g'{u)du + H j 
Jo Jo 



(s-u) -(l){s)]g''{u)du, 



where we let 



g'{u) = -[[u + ef''-^-s\gn{u-e)\u-e\^''-\ 
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If < u < 2e, we have |5^(?i)| < 16r^^~^. On the other hand, if it > 2e, 



1/(^)1 



[{u - e) 



2H-1 



{u + er"~'] 



-(1 - 2H) [' {u - Ae)2^-2 dx<{l- 2H)u^''~\ 



2H-2 



Then the lemma foUows by noticing that Imi^^Q g'^ {u) = {2H — l)u 

Lemma A. 5. For any cf) G C°([0,T]) with a > 1 - 2H , for any s > 0, 



D 



}^o{hi '"^-'^^^ 



(Ai 



de, 



1 . 

2e' 



s— e,s+£ 



■Ho 



Moreover, 



(AS 



Jo 
1 [^ 1 



■(j){s))r 



2H-2 



dr. 



<C{H,a 



ooHs'^-' + 



•Ho 
a+2H-l 



)■ 



Proof. By Fubini's theorem and making a substitution, we have 



1 
2e 





1 

1 



-efi+e] 



dG^l^'^[s-e,s+e] 



Wo 



E 






]de 



cp{s-e)[2r 



2H 



2H-I 



2er -{r + 2e)''']dr. 



8e^Jo 
Then (A. 8) and (A. 9) follow from Lemma A. 2. D 
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